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The science of cosmology relies heavily on interpreting observations in the context of a theoretical
model. If the model does not capture all of the relevant physical effects, the interpretation
of observations is on shaky grounds. The concordance model in cosmology is based on the
homogeneous and isotropic Friedmann-Robertson-Walker metric with small perturbations. One
long standing question is whether the small-scale details of the matter distribution can modify
the predictions of the concordance model, or whether the concordance model can describe the
universe to a high precision.
In this thesis, I discuss some potential ways in which inhomogeneities may change the in-
terpretation of observations from the predictions of the concordance model. One possibility is
that the small-scale structure affects the average expansion rate of the universe via a process
called backreaction. In such a case the concordance model fails to describe the time-evolution
of the universe accurately, leading to the mis-interpretation of observations. Another possibility
is that the paths that light rays travel on are curved in such a way that they do not cross all
regions with equal probability. If some regions are favoured and others disfavoured, the average
description of the concordance model gives incorrect results.
My collaborators and I investigated the effects of voids on the CMB using second order
perturbation theory and the exact Lemaître-Tolman-Bondi solution. A void has been detected
in the direction of the CMB Cold Spot, but we found that contrary to the claims made in
the literature, it was not large and deep enough to explain the Cold Spot. The results from
perturbation theory and exact calculation agreed to a high precision, which was not surprising,
as the void is fairly shallow.
We have studied a toy model of the universe, called the Swiss Cheese model, to see if the
model can produce observational signals that deviate significantly from the predictions of the
concordance model. We studied the backreaction in such models, and concluded that in physi-
cally motivated Swiss Cheese models, its impact on the expansion rate must be small. We also
considered an unphysical model that was constructed to have the holes expand independently
from the background. Even though the inhomogeneities change the expansion rate completely,
the backreaction contribution to the total average expansion rate today was only at ∼ 1% level.
We also studied weak lensing in a more realistic Swiss Cheese model to see how the structures
change the brightness and shape of sources. We found that the simplest assumption, no change
in the average flux, seemed to be violated with a probability of 98.6%. Our results agree on
the magnitude of the effect, in that it should be very small, but the exact value is significantly
different. There are many reasons why this may be the case, and one of the reasons is that the
structures alter the area of the constant-redshift surface around the observer. However, to find
conclusive proof of this, the calculation should be re-done with a higher resolution.
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Chapter 1
Introduction
Today we know a great deal more about the universe than fifty years ago. Rapid development
both in the theoretical and observational side of cosmology has opened a door into a domain
of inquiry that used to belong only to philosophers, priests and poets – where did the universe
come from, where is it going and how do we fit into it? Cosmology is a science that tries
to make conclusions about the universe as a whole, often forgetting about the fine details of
humans, planets, stars and even individual galaxies, focusing rather on the structure on the
largest observable scales and the way galaxies cluster to form a kind of cosmic web with walls,
filaments and voids.
Theory and observation are intimately linked in cosmology. The rate of the expansion of
the universe is so slow compared to human length and time scales that its direct measurement
would be a huge challenge. Such redshift drift experiments have been proposed already fifty
years ago [4], but only now the instruments are starting to be accurate enough. Instead of
direct observations, currently all cosmological information is extracted from the observations
through careful modelling and data analysis, and the end result of this process is condensed into
nuggets of knowledge, such as the expansion rate of space or the age of the universe. Considering
how complex the universe is at the ground level, modelling the entire universe mathematically
appears to be quite a challenge. It turns out however, that forgetting the messy details on
the small scales makes it possible. In fact, the concordance model of cosmology is surprisingly
simple. It relies on a crucial aspect of the universe called the cosmological principle, which states
that on largest scales, the universe is homogeneous and isotropic. The cosmological principle
is partly a philosophical statement, partly a theoretical prediction of inflation [5], and partly
based on observation [6, 7]. However, the cosmological principle alone does not guarantee that
the concordance model of cosmology is correct, as we will see.
The supernova observations of two independent groups published in 1998 [8, 9] both claimed
that distant supernovae appear to be dimmer than expected for a homogeneous, spatially flat
universe containing only regular matter. The simplest addition one can make to the homogeneous
dust universe is adding a cosmological constant term [10], which allows the model universe to fit
the observations well, but it comes with a price of weirdness. The model universe that fits the
observations the best is currently expanding at an accelerating rate. It appears that at largest
scales, gravity is not pulling matter together any more, but pushing it apart instead.
Although the cosmological constant term can exist in the equations, its value seems in
many ways arbitrary and finely tuned. In particular, it seems like a strange coincidence that
the cosmological constant, which does not dilute as space expands unlike regular matter, should
start to influence the evolution of the universe just as cosmic large-scale structure starts forming.
This coincidence problem has been a major motivator in re-kindling the interest in the study
of inhomogeneous cosmological models, as a possible alternative explanation to the supernova
observations [11, 12, 13]. It remains an open question whether the structures can have a non-
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trivial effect on observation averages, and this thesis is partly attempting to contribute to the
answer.
The idea that cosmic structures could affect the interpretation of observations dates back at
least to the sixties, to Zel’dovich and others [14, 15, 16, 17]1. There are two distinct possibil-
ities for how the effect could be produced. First, the observations may inadvertently induce a
systematic bias by selecting some preferred lines of sight, which do not give a fair picture of the
universe as a whole. The original idea was that such biased sampling could occur if the clumps
of matter were opaque, so we could only see distant objects if the light rays did not pass through
any such clumps. Second, as gravity is non-linear, inhomogeneities on small scales may influence
the evolution of the universe on large scales via backreaction [18, 19, 20, 21, 22, 23, 24].
This thesis is about the way cosmological structure formation affects the propagation of
light in more complicated inhomogeneous cosmological models. The repeating theme of the
thesis will be whether the standard concordance analysis gives accurate results on large scales,
or if non-linear structures can produce significantly different results. The thesis is organized as
follows. Chapter 2 gives a brief introduction to general relativity and some key concepts that
are used throughout this thesis. Chapter 3 contains the general formalism to study propagation
of light, ending in a summary of some key observations. Chapter 4 presents details of some
inhomogeneous models that will be studied in more detail in Chapter 5, summarizing the research
papers I-III [1, 2, 3]. Finally a short discussion is presented in Chapter 6.
1.1 On notation
Throughout this thesis, natural units with c = ~ = 1 are used. The spacetime metric will be
mostly positive, with a signature (−,+,+,+). A dot stands for a derivative with respect to the
coordinate time, whereas a prime will denote a derivative with respect to some other argument.
A bar over a quantity indicates that it has been calculated in the homogeneous background
model. The volume average over a spatial domain D is denoted with braces, 〈〉D. The average
over angles in the sky is denoted with 〈〉Ω.
1Gunn mentions in his article [17] that the idea was also proposed by Feynman in an unpublished colloquium
in 1964.
Chapter 2
Preliminaries of general relativity
2.1 Gravity
Gravity is the dominant fundamental interaction on cosmological scales. Strong and weak nu-
clear forces are only relevant on subatomic scales and although electromagnetism has an infinite
range, electric charge is distributed so evenly throughout the universe that electromagnetic forces
can be neglected. Our best understanding of gravity comes from Einstein’s general theory of
relativity. In it, gravity is described as geometry of the spacetime manifold that we live in. Mas-
sive objects bend the geometry of the spacetime and observers interpret this as a force because
the freely falling trajectories (geodesics) are curved accordingly.
2.1.1 Tensors and manifolds
Vectors are objects that can be added together and multiplied by a number using the standard
linear recipe. If v and u are elements of the same vector space V and a is a real number, then
a(v + u) = av + au ∈ V . (2.1)
Vectors are often expressed in terms of a basis. A basis is a set of vectors eµ that are linearly
independent and span the whole vector space. Given a basis {eµ}, all vectors in V can be
decomposed uniquely to their components




The components of a vector are dependent on the choice of the basis, whereas the vector itself is
a geometrical object and independent of its representation. We also define a dual vector space
V ∗ that contains all linear functions from V to R. We can define a dual basis {ẽν} and demand
that it satisfies
ẽν(eµ) = δνµ . (2.3)
Just like with vectors, any dual vector ω can be decomposed in terms of this basis
ω = ωµẽµ , (2.4)
and so its easy to see that
ω(v) = vµων ẽν(eµ) = vµωµ . (2.5)
Tensors are a generalisation of vectors and they are crucial in formulating the theory of
general relativity. Vectors can be seen as tensors of rank one and real numbers as tensors of
3
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rank zero. The components of a rank (1, 1) tensor T have one lower and one upper index. It
can be written in terms of the basis vectors as
T = T µν ẽν ⊗ eµ , (2.6)
where ⊗ denotes a tensor product. As with dual vectors, a tensor can be seen as a multilinear
map from vectors and dual vectors to reals:
T (v, ω) = T µν vνωµ , (2.7)
and this can also be consistently generalised to arbitrary tensors of rank (n,m). It is common
practice to discuss tensors in terms of their components, and from now on T µν will simply be
called a tensor.
The spacetime of general relativity is mathematically described by a Lorentzian manifold,
and it is the most fundamental concept when discussing relativity. Formally, a manifold is a
topological space (X, T ) with some elementary structure1 that is locally homeomorphic to the
Euclidean space Rn at each point of X. The elements of X are often called events in general
relativity. There are functions ai : X 7−→ Rn called coordinate charts. A collection of coordinate
charts that covers the entire manifold is called an atlas A = {(ai, Xi)|i ∈ I} where Xi is the set
of events in the domain of the chart ai.
In a differentiable manifold, at every point of the manifold there exists a vector space called
tangent space Tp that contains the tangent vectors of all curves passing through the point p.
A curve can be parametrised by a set of coordinate relations xµ(s) and a parameter s ∈ R. A
convenient basis for the tangent space is the set of partial derivatives { ∂∂xµ }. This is called a








The dual vector space is the space of gradients of functions, and so the dual space coordinate
basis is then {dxµ}.
The metric tensor gµν (or simply ‘the metric’) is a tensor that defines an inner product
between the vectors living in the tangent space,
v · u ≡ gµνvµuν . (2.9)
The metric tensor gives the length of an infinitesimal proper distance segment,
ds2 = gµνdxµdxν , (2.10)
and that’s why it is of fundamental importance in general relativity and cosmology. The metric




A Lorentzian manifold is a differentiable manifold that has a metric that has one negative eigen-
value, which corresponds to the time coordinate. The determinant of the full four-dimensional
metric is negative whereas the metric determinant of any three-dimensional spatial submanifold
is positive. We can also define the inverse metric gµν to satisfy
gµνgνσ = δµσ . (2.12)
1(X, T ) is second countable and Hausdorff.
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From the definition it follows that the metric can be used to map vectors between the tangent
space and its dual, or to raise and lower vector indices
vµ = gµνvν ; vµ = gµνvν . (2.13)
A vector vµ is called spacelike if gµνvµvν > 0, timelike if gµνvµvν < 0 and null if gµνvµvν = 0.
For a timelike curve, the proper distance ds2 is negative. This is weird, so in this case one often
talks about the proper time dτ = −ds2 instead.
The final and arguably the most important piece of the structure is the connection ∇ :
Tp×Tp 7→ Tq, which is used to move vectors between the tangent spaces of different events. The
connection is a derivative operator that takes a vector y and transports it along another vector
x. This is written as ∇xy = z where z is the resulting vector. The connection coefficients Γαµν
are defined by
∇µ∂ν = Γαµν∂α , (2.14)
where the shorthand notation ∇µ = ∇( ∂∂xµ ) has been used. The object ∇µ is a called the





ds ∇µ . (2.15)
A tensor is said to be parallel transported along a curve if its covariant derivative along that
curve vanishes.
General relativity is a metric theory of gravity, which means that the metric is always parallel
transported,
∇µgαβ = 0 . (2.16)
The connection is also assumed to be torsion free, that is symmetric in the lower indices
Γαµν = Γανµ . (2.17)




αβ (∂µgνβ + ∂νgβµ − ∂βgµν) . (2.18)
2.1.2 Geodesics
Consider first a timelike curve xµ(λ), where λ ∈ R is an arbitrary parameter. The curve is called












dλ dλ . (2.19)











for some function κ(λ). For a timelike geodesic, we can choose the parameter λ to be the proper
time along the path, which simplifies the equation as κ = 0. In fact, any affine parameter related
to the proper time by λ = aτ+b has this property. For a spacelike geodesic, the same applies for
the proper distance. For null geodesics, proper time and distance both vanish. Nonetheless, the
geodesic equation has the same form, and a family of affine parameters λ exists. The condition
that the function κ vanishes can be taken as a definition of an affine parameter in the null case.
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dλ = 0 . (2.21)
It can be written in a shorter form in terms of the tangent vector kµ = dxµdλ ,
kµ∇µkν = 0 . (2.22)
To put it into words, the tangent vector of a geodesic is parallel transported along the geodesic.
2.1.3 Curvature
The Riemann curvature tensor can be defined in a manifold with no torsion by demanding that
∇α∇βV µ −∇β∇αV µ = Rµ ναβV
ν (2.23)
holds for any vector V µ. The left hand side can be evaluated explicitly, and this gives













The Riemann tensor has the following symmetries
Rµναβ = −Rνµαβ = −Rµνβα = Rαβµν , (2.25)
and
Rµναβ +Rµαβν +Rµβνα = 0 . (2.26)
It also satisfies the Bianchi identity,
∇γRµναβ +∇βRµνγα +∇αRµνβγ = 0 . (2.27)
The Ricci tensor is defined as a contraction of the 1st and 3rd indices
Rµν = Rλ µλν , (2.28)
and the Ricci scalar is the trace of the Ricci tensor
R = Rµµ . (2.29)
The Weyl tensor is the traceless part of the Riemann tensor that has all the same symmetries
as the Riemann tensor. In n dimensions, it can be uniquely written out as






+ 2(n− 1)(n− 2)gµ[αgβ]νR . (2.30)
The Weyl tensor is only defined for n ≥ 3, and for n = 3 it vanishes identically.
2.1.4 The Einstein equation
The energy-momentum tensor Tµν is the source of gravity in general relativity. It can be de-
composed in terms of a four-velocity uµ into
Tµν = (ρ+ p)uµuν + pgµν + qµuν + qνuµ + πµν , (2.31)
where ρ the is energy density, p the is pressure, qµ is the momentum density and πµν is the
anisotropic stress of the fluid. They satisfy qµuµ = 0, πµµ = 0, πµν = πνµ and πµνuν = 0.
2.2. THE HOMOGENEOUS FRIEDMANN-ROBERTSON-WALKER SOLUTION 7
For ideal fluid, momentum density and anisotropic stress vanish, qµ = 0 and πµν = 0. The
energy-momentum tensor obeys a fundamental conservation law
∇µTµν = 0 . (2.32)
The Einstein tensor is a linear, divergence-free combination of the Ricci tensor and the Ricci
scalar,




ν = 0 , (2.33)
and it can be used to write the Einstein field equation,
Gµν + Λgµν = 8πGTµν , (2.34)
where Λ is the cosmological constant. The Einstein equation is the equation of motion for the
metric and the energy-momentum tensor. In short, it links together the curvature of the universe
(or ‘gravity’) on the left-hand side, and the matter content of the universe on the right-hand side.
The matter acts locally to change the Ricci tensor, whereas the non-local effects are ‘stored’ in
the Weyl tensor. The Weyl tensor is not directly modified by the Einstein equation, but instead
non-local effects are generated from the local curvature by the Bianchi identity (2.27).
2.2 The homogeneous Friedmann-Robertson-Walker solution
Our universe is extremely inhomogeneous on the scales of planets and stars and galaxies. How-
ever, if one zooms out far enough, on scales greater than ∼ 100Mpc the universe looks nearly
homogeneous and isotropic so for the first approximation it makes sense to look for such a
solution. The solution that describes a homogeneous and isotropic universe is the Friedmann-
Robertson-Walker (FRW)-metric [25, 26, 27, 28, 29],




2(dθ2 + sin2 θdφ2)
)
, (2.35)
where a(t) is a scale factor that describes how the universe expands or contracts and K describes
the curvature of the spatial hypersurfaces. Given this form of the metric metric, the Einstein









= −4πG3 (ρ+ 3p) +
Λ
3 . (2.37)
The dot denotes a derivative with respect to time, and ρ and p are the total energy density and




gives the relative expansion rate of the universe.
The energy-momentum conservation equation gives
ρ̇+ 3H(ρ+ p) = 0 , (2.39)
but this constraint is not independent from the Friedmann equations. Given different fluids with
different equation of state parameters w, satisfying p = wρ and
wm = 0, wr = 1/3, wΛ = −1 , (2.40)
8 CHAPTER 2. PRELIMINARIES OF GENERAL RELATIVITY



















where H0 is the Hubble rate today and Ωm, Ωr, ΩK and ΩΛ are the fractions of dust, radiation,
curvature and cosmological constant of the total energy budget of the universe today, which
satisfy by definition
Ωm + Ωr + ΩK + ΩΛ = 1 . (2.42)
Based on recent observations [30], these have the values Ωm = 0.3, Ωr ∼ 10−5, |ΩK | ≤ 0.001 and
ΩΛ = 0.7. The Hubble parameter’s value is H0 ' 70km/s/Mpc ≡ 100hkm/s/Mpc with h ' 0.7.





















and after solving the integral, this expression can be inverted to find the scale factor as a
function of time. Analytic solutions can be found for cases where only two components are
non-zero. In the general case, the integral is an elliptic function with no analytic solutions in
terms of elementary functions, and it needs to be solved numerically.
2.3 Submanifolds
The machinery for constructing and describing submanifolds is needed in several parts of this
thesis. In the next section, we need to split the full four-dimensional spacetime into space and
time separately by constructing a foliation of 3-dimensional spatial slices. Also light propaga-
tion in Section 3.4 and the Swiss Cheese construction in Section 4.3 require some parts of the
mathematics summarised here.
2.3.1 Hypersurfaces
A hypersurface is an (n − 1)-dimensional submanifold Σ living in an n-dimensional manifold.
The submanifold can conveniently be characterised via its normal vector nµ, which can in this
context be spacelike or timelike2, and it can be normalised to nµnµ = ε = ±1. The projection
tensor
hαβ ≡ gαβ − εnαnβ (2.44)
can be used to project tensors into the hypersurface. It satisfies h λα h
β
λ = h βα and hαβhαβ = 3. It
also defines an induced three-metric on the hypersurface. Let ya, a ∈ {1, 2, 3} be new coordinates
on the hypersurface, defined via coordinate relations xα = xα(ya). The induced metric, or the









where the vectors eαa are tangent to curves in Σ and so eαanα = 0. The induced metric is a
tensor living on the submanifold Σ, so it behaves as a scalar under the full spacetime coordinate
2Null hypersurfaces can also be considered, but they require slightly different kind of treatment, which is not
needed in this thesis.
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transformations xα → xα′ but as a two-tensor under the hypersurface coordinate transformations
ya → ya′ . The extrinsic curvature tensor, or the second fundamental form Kαβ is defined
Kαβ ≡ h µα h νβ ∇µnµ . (2.46)
Although it is not immediately obvious, the extrinsic curvature tensor is symmetric in its indices.
If nµ is the tangent of a geodesic, Kαβ is automatically confined onto the hypersurface, but in














which is compatible with the induced metric. The connection defines a covariant derivative as
usual
∇̃aAc = ∂aAc + ΓcabAb , (2.49)
and (2.48) and (2.49) can in turn be used to define the Riemann curvature tensor (2.23) on Σ.










d = Rabcd + ε(KadKbc −KacKbd) . (2.50)






c = ∇̃cKab − ∇̃bKac . (2.51)
These two equations are called the Gauss-Codazzi equations. Contracting (2.50) and (2.51)
gives




β = ∇̃bK ba − ∂aK , (2.53)
where (3)R ≡ habRcacb is the Ricci scalar of Σ. These can be used with the Einstein equation to
produce the Hamiltonian constraint equation [31] (page 80)
(3)R+K2 −KαβKαβ = 16πGTαβnαnβ , (2.54)
This equation is the generalisation of the first Friedmann equation (2.36). The generalisation of
the second Friedmann equation is the Raychaudhuri equation, and that will be derived next.
2.3.2 Movement of massive test particles
The Einstein equation (2.34) is too complicated to solve for most cases. Some general progress
can be made however, by choosing a timelike vector that defines a global time coordinate. We
can then define a foliation of the spacetime into spatial hyperslices, defined at an instant of this
global time coordinate.
A congruence is a set of curves that fill a small spacetime region so that one curve passes
through every point without intersecting each other. Consider a congruence of timelike geodesics
xµ(τ) with tangent vector uµ = dxµdτ . We can construct another curve x
µ(s) with tangent vector
ξµ = dxµds that intersects the congruence perpendicular to it, ξ
µuµ = 0. Geometrically, ξµ is
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a separation vector between two nearby geodesics, and by looking at how it evolves, we can













and since the connection is torsion-free, it also satisfies
uν∇νξµ = ξν∇νuµ ≡ B µν ξν , (2.56)
where the last identity follows from the fact that uµ is a geodesic, so the tensor Bµν ≡ ∇µuν
is purely transverse to uµ. In words, the tensor Bµν tells how the separation vector fails to be
parallel transported along uµ.
The expansion tensor Bµν can be decomposed into trace, symmetric traceless and antisym-
metric parts,
Bµν = ∇µuν =
1
3θhµν + σµν + ωµν , (2.57)
where θ ≡ ∇µuµ is the expansion scalar3, σµν ≡ ∇(µuν) − 13θhµν is the dust shear tensor and
ωµν ≡ ∇[µuν] is the dust rotation tensor. The expansion scalar describes how the congruence
expands (if θ > 0) or shrinks (if θ < 0), the shear tensor describes how the shape of the
congruence is distorted and rotation tensor describes how its orientation rotates.










= ∇ν(uµ∇µuν)− (∇νuµ)(∇µuν)−Rµνuµuν (2.60)
= −B µν B νµ −Rµνuµuν (2.61)
= −13θ
2 − σµνσµν + ωµνωµν −Rµνuµuν (2.62)
≡ −13θ
2 − 2σ2 + 2ω2 −Rµνuµuν , (2.63)
where the Riemann tensor definition (2.23) is used on the second row and the geodesic equation
on the fourth. Equation (2.63) is the Raychaudhuri equation [32]. Similar equations can be
derived for the shear and vorticity tensors [33, 34], but they are not needed in this thesis.
Both σµνσµν ≡ 2σ2 and ωµνωµν ≡ 2ω2 are positive-definite, but the vorticity term enters
equation (2.63) with a reversed sign due to its antisymmetry. If the vector field uµ is rotationless,
ωµν = 0 and the curvature term is positive, Rµνuµuν > 04, then we see that dθdτ is always negative.
The expansion rate decreases along the geodesic, so converging geodesics converge faster and
diverging geodesics diverge slower until they begin to converge. In other words, gravity is an
attractive force. Both of the conditions assumed above are non-trivial though. Galaxies rotate,
and this rotation counteracts gravity’s pull. In such a system, the rotation term in (2.63)
cancels with the other terms, making the system stationary. In the real universe there is also
observational indication that Rµνuµuν is in fact negative. For an ideal fluid, using (2.31) and
(2.34), it can be written as
Rµνu
µuν = 4πG(ρ+ 3p)− Λ . (2.64)
On the largest scales, the expansion of the universe appears to be accelerating, which has lead
people to conclude that the cosmological constant term must be dominating on the largest scales.
3Note that throughout this thesis, θ is used both for the angular coordinate and the expansion rate. It should
be clear from the context which θ is meant.
4This is called the weak energy condition, see e.g. [35]
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2.4 Averaged quantities and backreaction
Consider a scalar quantity f defined on the spatial hypersurface. The spatial average is taken by




〈f〉D ≡ V −1D
∫
D
dV f . (2.65)
As the volume depends on time, the time derivatives and averages do not commute, but instead
they satisfy the relation
∂
∂t
〈f〉D = 〈ḟ〉D − 〈θ〉D〈f〉D + 〈θf〉D . (2.66)







There are two other local scalar equations that can be written [33, 36] in addition to the
Raychaudhuri equation. Assuming further that pressure and vorticity are negligibly small, we
have
θ̇ + 13θ
2 = −2σ2 − 4πGρ+ Λ (2.68)
1
3θ
2 = 8πGρ− 12
(3)R+ Λ + σ2 (2.69)
ρ̇+ θρ = 0 . (2.70)
The first equation is the Raychaudhuri equation, the second equation is the Hamiltonian con-
straint (2.54) using (2.57) and the third equation arises from energy-momentum conservation
(2.32). Taking volume average on both sides of the equations gives the evolution equations for
the average scale factor
äD
aD


















〈ρ〉D = 0 , (2.73)








− 2〈σ2〉D . (2.74)
These equations are known as the Buchert equations [23, 24]. Comparing to the Friedmann
equations (2.36), averaging has generated a new backreaction term proportional to QD, which
affects the time-evolution of the average scale factor. The size of the backreaction term should
be compared to the average expansion rate squared.
Generating a large backreaction term has proved to be difficult though. Some examples of
inhomogeneous models with a large backreaction component exist in the literature [37, 38], but
these are models with huge, horizon-sized inhomogeneities. The problem in constructing more
realistic models is that the shear term tends to conspire with the variance term to cancel so
that the backreaction term is small even when variation in the expansion rate is large. The
cancellation is exact in the Newtonian case [23], in which the backreaction term is a boundary
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term. It also vanishes in first order perturbation theory [39]. It might be tempting to consider
a model with disjoint FRW regions as a proof of concept for backreaction [40, 41, 42]: Suppose
for simplicity that there are two separate regions of FRW spacetime with expansion rates H0





0 , so the backreaction term seems to be of same size as the actual expansion rate.
However, there is a problem. The universe is not made out of disjoint regions. In a realistic
scenario, these regions would be connected smoothly, and in these connection regions, shear
is large, leading again to some degree of cancellation between the two terms [43]. It is still
under dispute whether there are realistic situations where backreaction can give a significant
contribution to the time evolution of the real universe [44, 45, 46], or whether it will necessarily
be small [47, 48, 49, 50].
Chapter 3
Light propagation
The formalism that is presented in this chapter describes all electromagnetic radiation (radio
waves, microwaves, x-rays and so forth) and so the word light is used as a shorthand. Nearly
all observations in cosmology are made via light, so knowing how light propagates through the
universe is critical in being able to interpret observations consistently and to extract information
about the universe. To calculate distances to faraway objects, we need to understand how the
geodesics that form the object’s image behave as they travel through the universe. The next
sections go through the basics of the propagation of light in inhomogeneous spacetimes using
the Sachs formalism, which describes the evolution of a congruence of null geodesics. At the end
of the chapter there is a brief overview of some cosmological observations that will be referenced
in later chapters.
3.1 Geometrical optics approximation
The propagation of electromagnetic radiation is classically described by the Maxwell’s equations.
In Minkowski spacetime, solving Maxwell’s equations is straightforward [51], but in curved
spacetimes analytic solutions can be found only in the simplest cases. Furthermore, plane waves
are in general not a solution. Luckily most cosmological applications are in a setting where
the solution can be approximated as a plane wave. This is true if the spacetime curvature is
nearly constant on the length scales of the light beam width and time scales of the photon’s
frequency. This is called the geometrical optics approximation [52] (page 93), and in this chapter
and onwards, it is always assumed to hold. The most important consequence of the geometrical
optics approximation is that light travels on null geodesics.
3.2 Redshift
’A photon’s redshift is the relative change in its frequency as it travels from the observer to the
source,
z ≡ ωS − ωO
ωO
. (3.1)
The frequency is the time component of the photon wave vector kµ = dxµdλ , so we can write








where uS and uO are the four-velocities of the source and the observer. If we take both the
observer and the source to be at rest with respect to a dust ideal fluid with four-velocity uµ, it
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is useful to decompose the wave vector into
kµ = ω(uµ + eµ) , (3.3)
with components parallel and perpendicular to the matter flow, uµeµ = 0 and eµeµ = 1, so
ω = −uµkµ is the photon energy measured by observer with four-velocity uµ.










and this can be used to write redshift as an integral









where tE and tO are the times of emission and observation, respectively.
In the homogeneous and isotropic FRW case, the redshift simplifies greatly as θ = 3H = 3 ȧa
and σµν = 0. Therefore

















where the bar is used to denote an observable calculated in a background FRW universe.
Redshift can be used as an indicator of distance in an expanding universe. Expansion
increases the redshift, and objects further away have usually more expansion of space between
them and us. However, this is not always true, and redshift is also affected by shearing of the
space.
3.3 Distances
The light cone of an observer is the collection of geodesics that converge at the observer’s
location. In cosmology, distances along the light cone are more interesting, as they can be easily
related to observations (which are made using light). There are two distances in particular that
are often used. The luminosity distance DL is defined in terms of the measured photon flux F





The fainter an object with some intrinsic luminosity looks, the further away it is. The angular
diameter distance DA is defined in terms of the source’s physical size s and the angle it subtends





The smaller an object with some fixed size looks on the sky, the further away it is.
In the FRW case, a formula for the angular diameter distance can be written in an analytic
form. From the FRW metric (2.35), the viewing angle θ and proper size s are related via
ds = a(t)rdθ, so D̄A = a(t)r. It is straightforward to solve for r along a null radial geodesic,







, for K > 0





, for K < 0
(3.9)






A more geometrical definition is useful for calculating these distances in the general case
[33, 52]. Consider a thin beam of light with cross-sectional area dA that originates from the
observer at a solid angle dΩO, meaning that the area at observer’s location vanishes, dAO = 0.






Interchanging the observer and source so that the beam originates from the source at a solid






related to the luminosity distance via DL = (1 + z)D̂L where the extra factor of the source
redshift 1 + z arises from the photon redshift factor. It turns out that the angular diameter
distance and the luminosity distance are related to one another via the Etherington reciprocity
theorem [54, 55],
DL = (1 + z)2DA , (3.13)
making them practically interchangeable.
3.4 Null geodesic congruences
Just as in section 2.3, we can construct a formalism for describing congruences of null geodesics.
Consider a central geodesic xµ(λ) with a null tangent vector kµ and define an auxiliary tensor
Bµν ≡ ∇µkν , (3.14)
which is symmetric in its indices and satisfies Bµνkµ = 0. Then define a separation vector
between two nearby geodesics by ξµ = dxµds , which itself is a tangent vector to another geodesic,
and which is perpendicular to k everywhere, kµξµ = 0. It is easily seen that this vector evolves
along the geodesic as
D
dλξ
ν = B νµ ξµ , (3.15)
just as in (2.56). We are looking to calculate properties of ξµ perpendicular to kµ, but since kµ
is null, requiring ξµkµ = 0 still allows for ξµ to have a component parallel to kµ.
It turns out that the submanifold transverse to a null vector kµ is two-dimensional and it
will not be uniquely defined, unlike in Section 2.3. To construct the submanifold, we need to
define an auxiliary vector field lµ, which also is perpendicular to the surface. Without loss of
generality we can choose it to be normalized as kµlµ = −1. Then the projection tensor
h̃µν ≡ gµν + kµlν + lµkν (3.16)
can be used to find the piece of ξµ that is projected onto the surface and therefore also transverse
to kµ,
ξ̃µ = h̃ µν ξν = ξµ + kµlνξν . (3.17)
1To be precise, this should be called ’area distance’ as it depends on the area instead of diameter and solid
angle instead of angle, but these terms can be used interchangeably in nearly all cases.
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Tilde is used to denote quantities that are projected onto the surface. The transverse vector
satisfies
kα∇αξ̃β = h̃ βγ kα∇αξγ + ξγkα∇αh̃ βγ = h̃ βγ B γα ξα + (∇αlγ)ξγkαkβ , (3.18)
and projecting the resulting vector gives
(kα∇αξ̃β)˜= h̃ βγ kα∇α (ξγ + kγlνξν) (3.19)
= h̃ βγ B γα ξα (3.20)
= h̃ βγ h̃ αδ B γα ξ̃δ (3.21)
= B̃ βα ξ̃α . (3.22)
This equation describes the separation of geodesics in the surface perpendicular to kµ, so it is
the null counterpart of (2.56).
As in the three-dimensional case (2.57), the projected tensor B̃αβ can be decomposed into a
trace and a traceless symmetric and antisymmetric tensor parts,
B̃αβ ≡ h̃ µα h̃ νβ Bµν =
1
2 θ̃h̃αβ + σ̃αβ + ω̃αβ , (3.23)
with
θ̃ = h̃ βα ∇βkα = ∇αkα (3.24)
σ̃αβ = B̃(αβ) −
1
2 θ̃h̃αβ (3.25)
ω̃αβ = B̃[αβ] = 0 . (3.26)
The trace part θ̃ is independent of the choice of lµ, and it describes the expansion and conver-
gence of the projected beam2. The traceless symmetric part σ̃αβ describes the shearing of the
beams projection and the traceless antisymmetric part ω̃αβ describes its rotation. The antisym-
metric part is however identically zero in the geometrical optics approximation due to Frobenius’
theorem [56, 31, 57].
At this point it is convenient to proceed to define a set of basis vectors on the two dimensional
surface, sαA where A ∈ {1, 2} is an index that labels the directions on the surface. The basis
vectors should be orthonormal and parallel transported along the curve,
sαAs
β
Bgαβ = δAB , k
β∇βsαA = 0 . (3.27)
Note that this is not a coordinate basis, but instead a vielbein3 basis [34]. Since the surface is
orthogonal to kα and lα,
kαs
α
A = 0 , lαsαA = 0 . (3.28)





2 θ̃δAB + σ̃AB . (3.29)
The basis (kµ, lµ, sµ1 , s
µ
2 ) is called the Sachs basis.
The traceless symmetric part of B̃AB can be written in terms of two real numbers (or












2Note that sometimes θ̃ is defined with an additional factor of 123In four dimensions, it’s often called vierbein, or tetrad
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where χ is the angle between the basis vectors sαA and the principal axes of shearing and σ̃ ≡√
σ̃21 + σ̃22. In the directions of the principal axes, the beam is stretched and squeezed by amounts
1
2 θ̃ + σ̃ and
1
2 θ̃ − σ̃. From this it is easy to verify that
σ̃2 ≡ 12 σ̃αβσ̃









= 2σ̃2δAB , (3.32)
and
σ̃αβh̃αβ = σ̃ABδAB = 0 . (3.33)
Note that although σ̃1 and σ̃2 are dependant on the choice of basis, σ̃ is not.






2 − 2σ̃2 −Rµνkµkν (3.34)
where the Riemann curvature tensor definition (2.23) and the geodesic equation kµ∇µkν = 0
have been used as in the three-dimensional case (2.63). The source term can be written using
(2.34), (2.31) and (3.3) as
Rµνk
µkν = 8πGω2 (ρ+ p+ 2qµeµ + πµνeµeν) . (3.35)
Note that the cosmological constant does not contribute to this term, as it can only enter into the
expression of Rµν in terms that contain gµν , and since kµ is a null vector, these terms vanish.
The right hand side of equation (3.34) is always negative if the null energy condition holds,
which is true for example in the ΛCDM cosmology. In these cases the expansion rate of the area
of a null geodesic bundle always decreases. This leads to the focusing theorem (see eg. [52],
page 134), which states that for a source and an observer separated by some affine parameter
distance, the angular diameter distance is largest for the case where there is no matter between
them as long as there are no caustics along the geodesic.
The equation of motion for the shear matrix can be derived by considering the derivative of














−B̃ µα B̃µβ −Rαµβνkµkν
]
(3.38)














Taking the trace gives (3.34) and taking the traceless part gives
d






where the traceless piece of the source term is proportional to the Weyl tensor.
18 CHAPTER 3. LIGHT PROPAGATION
The null expansion rate θ̃ can be used to express the angular diameter distance. From its





where A is the cross sectional area of the beam. Using the definition of the angular diameter











DA = 0 . (3.45)
3.5 Observations
This section covers some observations in cosmology, which are particularly important for the
topic of this thesis.
3.5.1 Type Ia supernovae
A supernova is an exploding star [58]. They are classified based on the properties of their spectra.
Those supernovae that show no traces of hydrogen absorption lines are called type I, and those
that have an absorption line from ionized silicon are called type Ia, which are the ones that are
most relevant for cosmology. All other supernovae are formed from a core collapse process, where
the star’s radiation pressure is no longer able to counteract the gravitational collapse, and an
uncontrolled implosion starts. On the other hand, type Ia supernovae are thought to originate
from a runaway fusion reaction that ignites after a white dwarf star has acquired enough matter
from another star. There are two possible scenarios for their formation [59]. First, in a binary
system with a white dwarf and a red giant, the red giant can leak matter onto the white dwarf,
increasing the gravitational force until the Fermi degeneracy pressure is no longer able to resist
the gravitational pull. At this point the white dwarf starts collapsing until nuclear fusion re-
ignites. In a normal star, the fusion process is regulated by radiation pressure, but the white
dwarf is so dense that radiation pressure cannot do this any more, so the fusion process spreads
like a wildfire on a stellar scale. Second, if two white dwarf stars collide and merge, this can also
re-ignite the fusion process, leading to a similar end result. Previously it was believed that the
first process was responsible for all type Ia supernovae, but recently it has been proposed that
a significant fraction of them could be generated via the second process.
The reason why type Ia supernovae are a crucial cosmological probe is that they are stan-
dardisable candles. Standardisable means that their relative intrinsic luminosities can be found
by analysing their light curves, that is the time-evolution of their spectra. Once the relative
intrinsic luminosities are known, one can calculate the relative luminosity distances. If in addi-
tion the redshift of the supernova has been measured, one can fit the measured (DL, z)-pairs to
the curve DL(z) predicted by the model, thus constraining the model parameters. The break-
through happened in 1998, when two independent groups [8, 9] concluded that the expansion
of the universe is accelerating. This result has since been corroborated by many groups (e.g.
[60, 61, 62, 63, 64, 65, 66]), measuring supernovae independently in different redshift ranges and
different parts of the sky, and the story seems to check out.
There are some potential pitfalls in the systematics of supernova analysis, however. As previ-
ously mentioned, it is currently unknown whether there are more than one possible mechanisms
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for triggering a type Ia supernova, and whether the different mechanisms lead to a similarly
standardisable light curves. If there were two different population of supernovae with different
relation between the light curve and their intrinsic luminosity, that would jeopardise the conclu-
sions that have been reached so far. Another problem is that the relation between light curves
and intrinsic luminosity is not well understood at the present time [67]. Different light curve
fitters give results that differ by a statistically significant amount, and it is not yet clear which of
them one should believe, if any. Finally, often the supernova analyses rely heavily on the FRW
spacetime and its distance-redshift relation (3.9). There have been a few proposals for testing
the applicability of the distance-redshift relation of the FRW model [68, 69, 70], but then the
constraining power of the data is diminished greatly, as one also needs the first derivative of the
distance and independent measurement of the expansion rate H(z), both of which are hard to
measure.
For the testing of the FRW relation, we can differentiate equation (3.9) to find the curvature




In the FRW model this expression is constant for all redshifts and sources, but in general it’s
not, and in general we can take this relation to be the definition of a function k(z). If the
universe is close to FRW, then k is constant or close to a constant whereas if k(z) varies greatly,
the FRW distance-redshift relation (3.9) does not describe distances in the real universe well.
To see if k(z) remains constant, a possible quantity to study is the derivative of k(z), which can
be written as [68]
C ≡ − D
3
2D′k
′ = 1 +H2(DD′′ −D′2)−HH ′DD′ . (3.47)
3.5.2 Cosmic Microwave Background
The Cosmic Microwave Background (CMB) is a redshifted image of the universe from the time
when its temperature was ∼ 3000K [72, 73, 74]. Today its temperature is ∼ 2.7K, so the
photons have redshifted by an overall factor of z ∼ 1090. After removing all of the noise from
foreground sources, the photon temperature is still not completely uniform, but it contains
fluctuations that arise due to the inhomogeneity of the universe. The largest relative fluctuation
is the dipole that arises from the relative motion of the Earth (or the satellite!) with respect
to the CMB. The dipole fluctuation is of the order ∆TT ∼ 10
−3 whereas the fluctuations on
smaller scales are considerably smaller, with a root mean square fluctuation of the order of
∆T
T ∼ 10
−5. The CMB signal can be also split into a primary part and a secondary part. The
primary signal originates from the surface of last scattering at z ∼ 1090 whereas the secondary
signal is generated during the photons’ journey through the universe. The secondary signal is
generated in two distinct ways: by the photons scattering off charged particles, and by cosmic
structures along the photons line of sight and their gravitational influence. The primary signal is
of great interest in cosmology, as it contains information about the very early universe, mapping
the initial conditions that sparked the formation of cosmic structure. It is also an order of
magnitude higher than the secondary signal. The secondary scattering signal, and especially
the Sunyaev-Zel’dovich effect, have important applications in cosmology and in astrophysics. In
this thesis however, the secondary gravitational signal will be the main focus.
The temperature anisotropies produced by first-order metric perturbations are generated
via the Integrated Sachs-Wolfe (ISW) effect [75], the anisotropies that come from second order
effects are generated via the Rees-Sciama (RS) effect [76], and finally some of the primary CMB
anisotropies are modified by gravitational lensing. On large scales where perturbation theory
20 CHAPTER 3. LIGHT PROPAGATION
Figure 3.1: The CMB temperature fluctuations split into the primary anisotropy, ISW effect,
RS effect and gravitational lensing. The x-axis shows the multipole l (see (3.48)) and Y-axis is
the expected temperature fluctuation for that multipole. Figure from [71].
holds to high precision, the ISW effect dominates over the RS effect and lensing, whereas on
small scales, lensing dominates over the RS effect, which in turn is greater than the ISW effect.
The detailed behaviour of the three signals as a function of scale is show in Figure 3.1. Lines of
sight that contain less matter than on average tend to be colder and lines of sight that contain
more matter tend to be hotter – voids produce a cold spot and superclusters produce a hot spot
in the CMB. There have been attempts to measure this from the CMB by seeing how the CMB
temperature signal is correlated with large-scale structure [77, 78].
For any Gaussian random field on a sphere, the angular power spectrum is a convenient way
to express the statistical properties of the field. Any function f(θ, φ) can be expanded in terms









dΩ Y ∗lm(θ, φ) f(θ, φ) , (3.49)
where the coefficients aflm do not depend on the angles. If f is a Gaussian random field, then
each aflm is an independent Gaussian random variable with zero mean. The power spectrum








For a given multipole number l, the power spectrum tells us the amplitude of typical fluctuations
on that scale. Small multipole numbers correspond to large scales and vice versa, with the
multipole l = 100 corresponding roughly to an angular scale of 1◦ on the sky and the dipole
being l = 1. If the field is Gaussian, then the power spectrum fully characterises the correlations
of the field.
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In addition to the temperature and polarization power spectra, there has been some interest
in other kinds of ways to characterise the fluctuations in the CMB. Primordial non-Gaussian
fluctuations have been searched for extensively but have not been found so far [79]. There have
been claims that the different sky hemispheres contain different amount of fluctuations on small
scales [80, 81, 82], but it seems at least some of the difference can be explained via known
data analysis effects [83]. A local non-Gaussian feature has also been identified from the CMB,
named the Cold Spot [84]. This feature was discussed in paper II and it will be covered further
in Section 5.1.
3.5.3 Gravitational lensing
Gravitational lensing is conventionally split into strong and weak lensing. Strong lensing [85, 86]
(see [52], page 1 for a detailed historical account) is characterised by the lens producing several
images of the source, whereas weak lensing only changes the brightness, surface area and shape of
the source image. Gravitational lensing is used to find information about the lensing structure.
In the case of strong lensing, this is typically a cluster of galaxies, where lensing can reveal the
distribution of dark matter very precisely. In the case of weak lensing, the source is all of the
matter fluctuations in the line of sight from the source to the observer. Thus weak lensing is
arguably the more interesting topic for cosmology.
Weak lensing analysis can be applied to different kinds of sources. In the case of galaxies,
the problem is that galaxies come in all kinds of different sizes, shapes and brightnesses. In
particular, a galaxy can be oriented in whatever way with respect to us, so it is difficult to
say whether it looks elongated because it has been lensed by an object on the line of sight, or
whether it is just aligned that way. However, the average shape of a galaxy is a sphere. In other
words, there should be no preferred way the galaxies are intrinsically aligned with respect to
us. Detecting weak lensing reliably from a single source galaxy is nearly impossible. However,
one can look at the lensing of a large number of galaxies [87, 88, 89, 90] and the correlations
of nearby sources to see the overall lensing signal. The CMB can also be used as the source in
weak lensing [91]. The data from the Planck satellite has been used to construct the integrated
lensing potential over the whole sky [92].
In the study of weak lensing, the deformation of the source image is described using the
weak lensing formalism, with slightly different parameters than the covariant θ and σAB. The




1− κ− γ1 γ2
γ2 1− κ+ γ1
)
, (3.51)
that is the Jacobian of the lens map. The convergence κ describes the change in beam area
and the integrated shear γ describes the deformation of the beam cross section. Finally the
magnification
µ = det(A−1) =
[
(1− κ)2 − γ2
]−1
(3.52)
gives the change in luminosity relative to the homogeneous FRW background with γ ≡
√
γ21 + γ22 .
In the weak lensing limit, κ  1 and γ  1, the weak lensing quantities can be related to the





' 1− 2κ , γi '
∫
dλσ̃i , (3.53)
where D̄A is the angular diameter distance in the background FRW universe, so
∆DA
D̄A
≡ DA − D̄A
D̄A
' −κ . (3.54)
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Another common way to represent the variables µ, κ and σ is the lensing potential Ψ, defined
via
AAB = δAB − ∂A∂BΨ . (3.55)




In addition to the homogeneous FRW spacetime described in section 2.2, other solutions can be
found to the Einstein equation. Exact analytic solutions can be found if the energy-momentum
tensor is simple and initial conditions have some symmetries. Perturbative solutions can be
found if the metric and its derivatives are close to a simpler solution everywhere. Finally, some
spacetimes can be joined together to produce a more complicated and less symmetric solution.
This chapter goes through some of these possibilities.
4.1 Perturbations in FRW
In the concordance model, the universe is described with a perturbed FRW metric. The Einstein
equation can be solved perturbatively as long as the metric perturbations and their derivatives
are small. In this case, the evolution of the unperturbed background does not depend on the
perturbations. After the background evolution is known, the evolution of perturbations can be
solved for the first order, second order and so on until paper runs out. The solution gets messy
fairly quickly, but a second order solution in a flat FRW background has been written down.
4.1.1 The metric and its evolution
Here we should use conformal time dη = dt/a as the time coordinate, and prime ′ stands for
∂/∂η. The perturbed metric can be written as
gµν = a2
(




µν + . . .
)
, (4.1)
where ĝ(0)µν is the Minkowski metric. The metric components can be written as (following [93, 94])
ĝ00 = −1 + 2ψ(1) + ψ(2) + . . . (4.2)




i + . . . (4.3)
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The time components can be found from the normalization uµuµ = −1 to be
v(1)0 = −ψ(1) (4.6)
v(2)0 = −ψ(2) + 3(ψ(1))2 + 2z(1)i v
(1)i + v(1)i v
(1)i (4.7)
... (4.8)
There is a complication in doing perturbation theory in general relativity, which is that there
is no unique mapping between points in the background and perturbed spacetimes. The choice
of mapping is called the gauge choice, which can be made via a small coordinate transformation
xµ → xµ + ζµ, called the gauge transformation. Although perturbed quantities depend on the
gauge choice, since the choice defines what is background and what is perturbation, physics
should remain independent of the coordinates. Some of the degrees of freedom in the metric
are not physical, but are related to the choice of the gauge. In first order perturbation theory,
the gauge transformations are relatively simple and textbook material (e.g. [95]). The metric
perturbation has ten degrees of freedom, and four of them correspond to the choice of ζµ, leaving
six physical degrees of freedom. Second order brings some complications [96], but the same idea
still applies: the gauge transformation can be chosen so that some of the metric perturbations
vanish. This thesis has results calculated in the Poisson gauge, where the coordinate mapping
is chosen so that ∂iz(n)i = 0 and ∂iχ(n)ij = 0 for all orders n. Another example of a possible
choice is the synchronous gauge, where ψ(n) = 0 and z(n)i = 0. First-order perturbation theory
is often done in the conformal Newtonian gauge, which has z(1)i = χ
(1)
ij = 0. This condition is
a stronger version of the Poisson gauge, as it also requires that there are no vector or tensor
modes in the solution. Conformal Newtonian gauge cannot be constructed at second order, as
these modes are generated automatically from the first order perturbations.
In the Poisson gauge, we can write out some parts of the first-order solution in terms of a
function of conformal time P (η) and a function of location F (x) (see [97, 98, 99] for the full
solution)










These pieces of the metric will give the dominant contribution to the temperature signal calcu-
lated in the next section. The function P is the solution of the equation
P ′′ + 2a
′
a
P ′ − 1 = 0 . (4.11)
It is a second-order differential equation, so it has two independent solutions, but we are only
interested in the growing solution. The potential function F (x) is related to the first order
density contrast, so to specify it, one needs to specify the density profile of the feature under
study. For a radial density profile, the result is [100]














where δ(r) ≡ ρ/ρ̄ − 1 is the density contrast. The second order solution can also be written
out in terms of P and F [99], but the solution is much more complicated so the details are not
included here.
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4.1.2 Temperature perturbations
The photon wave vector can also be expanded
kµ = k(0)µ + k(1)µ + k(2)µ + . . . (4.13)
with the unperturbed wave vector
k(0)µ = (1,−ei) . (4.14)
The photon temperature T = T̄ + ∆T (1) + ∆T (2) + . . . can be calculated using (3.2) (see
[94] for the full calculation)
∆T (1)
T̄




S ei + v
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Here again O and S stand for observer and source, respectively. Choosing the conformal New-
tonian gauge, z(n)i = χ
(n)






dt (ψ̇(1) + φ̇(1)) = 2
∫ tO
tS
dt ψ̇(1) . (4.17)
The second order temperature perturbation is a lot more complicated, so it will not be shown
here in its full glory. The one piece worth mentioning is the counterpart to (4.17), the term






dt (ψ̇(2) + φ̇(2)) . (4.18)
The ISW effect is produced by a varying first order gravitational potential ψ(1). In the
flat FRW solution with only dust, Ωm = 1, ΩΛ = 0, the function P = 25a2H2 and P
′ = 25aH .
Therefore ψ(1) remains constant so in this case the ISW contribution vanishes identically. In a
model with dust and dark energy, the potential decays. As a photon climbs on a potential hill
(corresponding to a void), it loses energy and as it falls out, it gains some of the energy back.
Since the potential has decayed during its travel time, it does not gain everything it lost back,
leading to net cooling of the photons. Likewise, decaying potential wells cause the photons to
gain some extra energy, making them hotter.
4.2 The Lemaître-Tolman-Bondi solution
The number of symmetries in the FRW solution limits the number of permitted solutions. By
relaxing the number of symmetries, more complicated solutions are allowed. The Lemaître-
Tolman-Bondi (LTB) metric is the most general spherically symmetric dust solution to the
Einstein equation [101, 102, 103, 104]. The LTB metric includes the Schwarzschild metric (in
synchronous coordinates) and the FRW metric as special cases, and in addition to these, a large
number of less symmetric solutions are possible.
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4.2.1 The LTB metric
The metric has the form
ds2 = −dt2 +X2(t, r)dr2 +R2(t, r)(dθ2 + sin2(θ)dφ2) (4.19)
in synchronous coordinates. The energy-momentum tensor can be written in the same coordi-
nates as
Tµν = ρM (t, r)δµ0 δν0 − ρΛgµν , (4.20)
where the first term is contributed by dust and the second term by cosmological constant,
8πGρΛ ≡ Λ. For simplicity we will denote dust density as ρ from now on and use Λ for
cosmological constant. The connection coefficients and the components for Riemann, Ricci,
Weyl and Einstein tensors are calculated in Appendix A. Time derivatives are denoted with a
dot and radial derivatives with a prime.
The vanishing of the off-diagonal Einstein tensor components (A.19) leads to a relation














1 + 2E(r) is the integration constant, and E(r) is a function that is related to the
spatial curvature of a shell at radius r. The radial component of the Einstein equation (A.21) is
2RR̈+ Ṙ2 = 2E + 13ΛR
2 , (4.23)
which can be integrated once in terms of t to yield




2(t, r) , (4.24)
whereM(r) is another function that does not depend on time. Substituting this into the Einstein









so (4.25) means that M(r) corresponds almost to the integrated mass inside a spherical shell
of radius r, apart from the additional factor of
√
1 + 2E in the volume element and a factor of
Newton’s constant.











and then inverting the integral equation numerically to find the solution R(t, r). Here tB(r)
is the bang time function, which tells the time of the initial singularity, R(tB(r), r) = 0. It is
the third function set by boundary and initial conditions, and these three functions specify the
solution completely. Later we will consider some requirements that these functions must have
to produce a physical universe, but at this time, they can be considered arbitrary. In general,
equation (4.27) must be integrated numerically, but in some special cases, a simpler solution
can be found. Some solutions are described in detail in sections 4.2.5 and 4.2.6.
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4.2.2 Expansion, shear and spatial curvature
The dust in the LTB model moves on geodesics uµ = (1, 0, 0, 0). The volume expansion rate is





= H‖ + 2H⊥ , (4.28)
where the radial and perpendicular to radial expansion rates have been defined. The shear
tensor is





and the vorticity tensor vanishes. Even in a model with a monotonically growing R, the ex-
pansion rate can locally be negative as H‖ can be negative. In such a case, the surface area of
the shell increases, but the distance between two nearby shells decreases, leading to an overall





Typically the spatial Ricci scalar is positive in overdense regions and negative in underdense
regions.
4.2.3 Choice of functions
The time evolution of density and curvature contrasts in an LTB model depends on the choice
of functions tB(r) and E(r). A gradient in tB generates a decaying mode in both curvature and
density, scaling ∝ t−1 in a model with no cosmological constant. A gradient in E generates a
growing mode in density, which scales ∝ t2/3 in a model with no cosmological constant [105].
If t′B 6= 0, density contrast becomes infinite at the time of the bang, whereas all models with
t′B = 0 become homogeneous as t→ tB. From CMB observations it is known that the universe
was highly homogeneous at the time of the CMB decoupling. This puts considerable constraints
on models with t′B 6= 0. The coordinate r has no physical meaning, and the solution does not
change under changes r → f(r) if f is monotonic. Up to the normalisation, the choice of M(r)
is degenerate with the choice of r.
4.2.4 Shell crossings
Since the source matter in the LTB model is dust, there is no pressure and therefore nothing to
stop gravitational collapse. If a situation arises where an inside shell is expanding faster than
an outside shell, H‖ < 0, they may collide when R′ → 0. If at this point M ′ 6= 0, the density
(4.25) diverges and a hydrodynamical shell-crossing singularity is formed [106, 107]. Although
the shell crossing is a real naked curvature singularity, it is a weak singularity in the sense that
a spaceman travelling through it would not get crushed [108, 109], unlike for example a black
hole or the Big Bang.
The shell crossings are a feature of the mathematical description of pressureless ideal fluid. In
the real universe, there would be pressure gradients and particle collisions that can ultimately
stop the shell crossing from happening. However, it is nonetheless a fundamental feature of
these models that must be taken into account, and that must in practice be avoided. The full
conditions to avoid shell crossings entirely are discussed in [106]. In particular, a model with
R′ > 0 and E ≥ 0 must also satisfy t′B ≤ 0, E′ ≥ 0 and M ′ ≥ 0. For cosmological applications
these conditions are very limiting. In practice it’s better to consider models that do not develop
a shell crossing during the time scale of interest (e.g. the age of the universe). As long as the shell
crossings happen in the future, there is no need to worry about them as we can easily imagine
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that in the real universe, pressure would stop the collapse before a shell crossing occurred. By
tuning the model so that R′ 6= 0 for the time interval of interest, we do not need to worry about
shell crossings. There is another possibility, if we allow R′ = 0 at specific constant coordinate
radii ri, where also M ′ = 0 and limr→ri |M ′/R′| <∞. Then the density will remain finite if also
E → −1/2, otherwise a thin singular shell is formed.
4.2.5 Simple cases
If one or more of the terms on the right-hand side of (4.24) vanishes, the integral simplifies
to something that can be expressed in terms of elementary functions. For simplicity, we only
consider here cases where Λ ≥ 0. Here are some of the cases that are used later. In the cases








for E = 0, Λ = 0√






for E = 0, M = 0
(4.31)
Note that the function tB does not enter on the last row, as R is never zero in such a case.
Instead R is given in terms of its value on some other (arbitrary) time t0.
















The FRW solution can be found as a special case for the LTB metric, corresponding to the
choice of
tB(r) = constant, M(r) =
4πr3




in which case the solution simplifies to R(t, r) = a(t)r.
The Kottler metric,
ds2 = −A(R)dT 2 + 1
A(R)dR
2 +R2dΩ2 , (4.35)
with A(R) = 1 − RsR −
1
3ΛR
2 and Rs = 2GM is the generalisation of the Schwarzschild metric
to include the cosmological constant. Although in these coordinates it does not look like the
LTB metric, a coordinate transformation can be made to bring the metric into the LTB form,
see e.g. [110]. The Lemaître coordinates are









and plugging them into the metric gives
ds2 = −dt2 + [1−A(R(t, r))] dr2 +R2(t, r)dΩ . (4.37)
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from which it can be seen that the solution matches to LTB with E(r) = 0, M = RS/2 constant
and tB(r) = −r.
4.2.6 The classic case with no cosmological constant
The case Λ = 0 is the classic case that has been often studied. In this case there exists a
parametric solution
R(t, r) = M2|E|(1− cos η), η − sin η =
(2|E|)3/2
M
(t− tB), for E < 0 (4.39)
R(t, r) = M2E (cosh η − 1), sinh η − η =
(2E)3/2
M
(t− tB), for E < 0 . (4.40)
We can also find analytic forms for the radial derivatives. Differentiating R once with respect














α(cosh η − 1) + η′ sinh η
]
(4.42)
and differentiating the equation for η gives































Combining the two expressions above, we find that
R′ = αR+ Ṙ[β(t− tB)− t′B] . (4.46)
This expression holds for all values of E with the convention that E′/E = 0 for E = 0, with the
proof for E < 0 following exactly the same steps. The second derivative can be written similarly
in the form
R′′ = (α′ + α2)R+
[




Ṙ(α+ β) + Ṙ′
]
t′B − Ṙ t′′B . (4.47)
4.2.7 Light propagation
Geodesic equation and redshift. The geodesic equation kµ∇µkν = 0 can be explicitly
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but let us first note a few simplifications. The LTB solution has a killing vector ηµ = (∂φ)µ so
the quantity
cφ ≡ kµηµ = kφR2 sin2 θ (4.49)
is conserved, allowing immediately to solve the φ-component of the equation. Furthermore, due
to full spherical symmetry, the coordinates can be always rotated so that kµ lies in the plane

















































If the source and the observer are comoving with the dust, their four-velocities are uµ =
(1, 0, 0, 0) and so the observer measures the redshift (3.2) of the light to be











If the geodesic equations are solved backwards in time from the observer to the source, then
ktO is an initial constant and 1 + z ∝ ktS . If the geodesic equations are instead solved forwards,
then ktS is the initial value and (1 + z)−1 ∝ ktO. Photon temperature scales as T ∝ 1 + z so the
temperature fluctuation from the background can be calculated from
∆T
T̄
(n, t) = 1− (1 + z(n, t)) ā(t) , (4.54)
where n is the direction of observation.
Sachs equations and distance. To solve the Sachs equations (3.34) and (3.42), we need to
find expressions for their source terms. The expansion equation source term (3.35) is easy,
Rµνk
µkν = 8πGρ(kt)2 . (4.55)
The shear equation source term CαµβνsαAs
β
Bk
µkν is slightly more complicated. We can choose
one of the basis vectors to be sα1 = (0, 0, 1/R, 0), which clearly satisfies the requirements (3.27)

















This choice corresponds to one of the principal axes of the transformation, so σ̃2 remains zero.
In a spherically symmetric solution, such a set of vectors can always be found (see [111] for
explicit calculations).
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4.2.8 The Szekeres solution
If the requirement of spherical symmetry is dropped, the solution is the Szekeres metric [112,
113], the most general known inhomogeneous dust solution,







The functions X and E satisfy
X(t, r, p, q) =
∣∣∣R′ −RE ′E ∣∣∣√
ε+ 2E(r)
(4.58)













where the free functions E, P , Q and S depend only on the radial coordinate r and the con-
stant ε can take values of −1, 0 or 1, called quasihyperbolic, quasiplanar and quasispherical
cases, respectively. The names refer to the properties of the constant t and r surfaces. The
quasihyperbolic case is discussed in e.g. [114] and the quasiplanar case in e.g. [115, 116]. The
quasispherical case is the one most studied, as the the constant r surfaces are finite in that case,
and so it can be more easily related to cosmology. The LTB metric is a special case of the
quasispherical Szekeres solution with E ′ = 0. Even in the general case, the equation of motion
for R is exactly as in the LTB model, eq. (4.24).
4.3 Swiss Cheese
A Swiss Cheese model typically consists of an FRW background spacetime with spherical holes
cut into it. A different, less symmetric solution, such as an LTB or Szekeres solution can be
embedded into the hole. The original proposal by Einstein and Straus [117] was to embed
Schwarzschild black holes into a dust FRW background, but this procedure can easily be gen-
eralised to joining together any two spacetimes that satisfy the Darmois junction conditions
[118, 119]. As long as the holes are not overlapping, any number of them can be added onto the
background to simulate the cosmic structure.
4.3.1 Junction conditions
Two pieces of spacetime V + and V − are joined together along a three-dimensional hypersurface
Σ. The surface Σ can be spacelike, timelike or null; however, here only spacelike and timelike
surfaces are considered for simplicity. The coordinates in these pieces are xµ± and the metric
tensor components in these coordinates are g±µν . To form an atlas, the coordinates must overlap
in an open set containing Σ, where the coordinates are denoted by xµ. One way to define Σ
is to construct a scalar field Φ that satisfies for all points p ∈ Σ, Φ(p) = 0. Then the vector
nα = −∂αΦ is a normal vector to the surface. If the surface is spacelike or timelike, the vector
can be trivially normalised so that nαnα = ε = ±1. Let’s define Φ as follows: it is the proper
time along geodesics that intersect Σ orthogonally, with the convention that Φ is negative in
V − and positive in V +. In this case the normal vector is spacelike.
The four-metric can be written in terms of the Heaviside function Θ(Φ), which has the value
1 for positive Φ, 0 for negative Φ and 12 for Φ = 0. Its derivative is the Dirac delta distribution
δ(Φ).
gµν = Θ(Φ)g+µν + Θ(−Φ)g−µν . (4.60)
32 CHAPTER 4. INHOMOGENEOUS SPACETIMES
In order for this to be a proper metric that is a valid solution of the Einstein equations, the
geometric terms constructed from it must have a proper distributional form, so that no improper
terms like Θ(Φ)δ(Φ) can appear. The derivative of the metric is





The last term with the delta distribution must vanish at Σ, because the Christoffel symbols
constructed from this metric would otherwise have terms proportional to δ(Φ)Θ(Φ). Therefore
the metric components must be continuous over Σ in the coordinates xµ. To make this statement
coordinate-independent, we can write it in terms of the induced metric
h+ab|Σ − h
−
ab|Σ = 0 . (4.62)
This is the first junction condition.






where Sab is the three-dimensional energy-momentum tensor of the surface, which in turn is
related to the extrinsic curvature tensor of the surface. By equating the singular part of the
Einstein tensor and the singular part of the energy momentum tensor via the Einstein equation,















where the entire expression is evaluated on Σ. Thus in order to avoid the thin shell divergence
in (4.63), the extrinsic curvature tensor must be continuous over Σ,
K+ab|Σ −K
−
ab|Σ = 0 . (4.65)
This is the second junction condition. It can be proven that these two conditions are sufficient
and necessary for the full four-dimensional Riemann tensor to be non-singular at Σ [119]. The
first condition is necessary for the solution to be valid and the second condition keeps it from
being singular.
In the case of the LTB metric, the first junction condition imposes that the model-defining
functions M(r), E(r) and tB(r) must be continuous through the surface at some coordinate
radius rb. The second junction condition requires that R′/|R′| is continuous through the surface,
that is, R′ cannot change sign. Kottler holes can be embedded into a FRW background if the
embedding radius rb is comoving in the FRW coordinates, but expanding in the usual stationary
Kottler coordinates.
4.3.2 Distribution of holes
As long as the junction conditions hold, two patches of spacetime can be glued together. In the
case of an FRW background and spherically symmetric holes, we can choose the coordinates so
that the origin of the FRW model coincides with the origin of the LTB model. In order for the
spherically symmetric hole to satisfy the junction conditions throughout the embedding surface,
the surface must be spherically symmetric, so it is located at some coordinate radius rb, which
may in general depend on time, but not on the angles. As long as the holes do not overlap, the
process can be repeated arbitrarily many times, since the holes do not affect the background
solution outside the embedding radius.
There are many ways to fill a box with spheres, and such problems have been studied a lot
in mathematics. If the spheres can have varying sizes, a packing similar to the two-dimensional
4.3. SWISS CHEESE 33
Apollonian Gasket is possible, which fills the entire volume by filling the empty regions between
spheres with ever smaller spheres. For spheres with uniform size, the packing can never be
perfect. The packing efficiency is quantified by the packing fraction, the volume of the spheres
divided by the total volume in the limit where the box is large. A cubic lattice has packing
fraction π/6 ' 0.52 and a hexagonal lattice has packing fraction π3√3 ' 0.60. The most efficient
lattice is the cubic close packing lattice, with a packing fraction π3√2 ' 0.74.
A random arrangement of holes is typically less efficient than the lattices, although by
complicated algorithms, similar packing fractions can be achieved. The simplest way to generate
a random arrangement is to pick positions for the hole centres at random, and simply discard
any that overlap with an earlier hole. Such a method is easy to implement, but ends up being
relatively inefficient if the entire universe is populated with holes. In paper III, we considered
a total of ∼ 250000 holes with a packing fraction of 0.34. For such a large number of holes and
packing fraction, this algorithm is fairly inefficient, and it gets worse fast when a larger packing
fraction is wanted.
Let us construct an arrangement of holes in a three-dimensional Euclidean space. Let the
observer be located in the origin, holes be at locations xi, and let the direction of the geodesic
be ê. The impact parameter is proportional to
cφ ∝
√
x · x− (x · ê)2 , (4.66)
and the proportionality constant comes from the requirement that the square root in (4.52) is
zero at the correct value of R. To calculate the hole’s alignment with respect to the Sachs basis
of the beam, we project the beam onto the plane perpendicular to the beam,
vi = xi − (xi · ê)ê , (4.67)
and then compare the phases. We can define the Sachs basis of the first hole to be aligned with
the principal axis of shearing, in which case the phase is zero for the first hole. Then
χi = ±arccos




In many papers on Swiss Cheese models, the holes have not had a fixed arrangement. Instead,
they are dynamically generated along each geodesic separately. The impact parameter cφ has a
probability distribution
P (cφ) = Ncφ , (4.69)
N being a normalisation constant. This reflects the fact that the probability of passing through
a shell is proportional to its distance from the hole’s centre. The alignment of the hole with
respect to the Sachs basis is random with an uniform distribution. Finally, the distance between
two voids is a random variable with some distribution that depends on the distribution of holes.
The packing fraction of the distribution can be difficult to find in such cases.
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Chapter 5
Optics in a clumpy universe
The aim of this chapter is to form a synthesis of the themes discussed in the earlier chapters,
and to describe the research done in papers I, II and III. The chapter starts with models that
have only one large void, and in particular the Cold Spot, which was the topic of paper II. Then
it moves to models with more complicated distributions of matter, focusing mostly on Swiss
Cheese models. The Swiss Cheese models are considered in terms of large modification of the
distance-redshift relation, as was done in I, and in terms of weak lensing, as was done in III.
5.1 Single void: The case of the Cold Spot
Light propagation through a single void has been studied for example using the LTB metric
[120, 121, 122, 123, 124] and second order perturbation theory [125, 126], in the context of
calculating the change in redshift, and thus the observed CMB temperature. In these studies,
the observer is typically well outside the void, as being inside would only generate monopole
and dipole-type terms, which are not used in the usual CMB analysis.
Another line of research has been towards what would happen if the observer was located
inside one massive void. In these cases, the observer is typically located in the centre of the void,
so the main contribution to the temperature is a monopole term. Instead, people have considered
such models to change the observed distance-redshift relation. It has been shown that an LTB
void could produce any distance-redshift relation if the parameters are chosen correctly [127].
Large voids have been attempted to use to explain dark energy [11, 128, 129, 130] but such models
are strongly constrained by including complementary data sets [131, 132, 133, 134, 135, 136].
5.1.1 The Cold Spot
The usual CMB analysis decomposes the temperature anisotropies into multipoles that are in-
dependent of angle. To look for local anomalies, methodology that does not mix the information
from all locations is needed. One possibility is using wavelets, a kind of localised Fourier trans-
formation. A particular realisation of a wavelet is the Spherical Mexican Hat Wavelet (SMHW),
which was proposed as a probe of local non-Gaussianities in the CMB by Cayón et al. [137].
Examples of the SMHW smoothing function for different smoothing scales are shown in Figure
5.2.
In [138], Vielva et al. reported on a non-Gaussian feature seen in the WMAP satellite one
year maps using the SMHW method. The feature is a large cold region centred at (θ = −147◦,
φ = 209◦) with a diameter of about ∼ 10◦ and a central temperature fluctuation of ∆T ∼
−150µK. The Cold Spot is shown in Figure 5.1, both before and after applying the wavelet
transformation on the map. The result has been verified by multiple groups, using different
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Figure 5.1: The Cold Spot in the CMB map (left) and the same region smoothed using wavelets
(right). The yellow spots are masked foreground objects. Figure from [84].
WMAP and Planck satellite maps, and the anomaly seems to persist at about 3σ significance,
although the interpretation of such a number is complex (see [139] for the analysis).
Many explanations have been proposed for the Cold Spot. Foreground effects and the
Sunyayev-Zel’dovich effect can not give a large contribution to the Cold Spot [84] as the fre-
quency dependence around the Cold Spot is not anomalous. A systematic cause is possible in
principle, but since both WMAP and Planck agree on the signal separately, it seems unlikely
at this point. Cosmic textures have also been proposed as a potential cause for the Cold Spot
[140]. Finally, as we have seen in the earlier chapters, a large void can generate temperature
fluctuations in the CMB via the ISW and higher order effects. If the void is large enough, it
could well generate such a large temperature fluctuation [125, 126]. If a smaller void would ac-
cidentally happen to align with a primordial Cold Spot, that could also contribute to the signal
[141].
5.1.2 Detection of a void at the direction of the Cold Spot
A large void was detected in the direction of the Cold Spot by Szapudi et al. [142] and in a
companion paper it was claimed that this void was sufficiently large and deep to produce the








with the density contrast at void centre today δ0 = 0.25 and the decay length r0 = 195h−1 Mpc
if the void is centred at redshift zc = 0.155. For a flat ΛCDM universe with ΩΛ = 0.7, this
redshift corresponds to a comoving distance of Dc = 448h−1 Mpc = 2.3r0, so the observer is
located in the tail of the outer overdense shell. The claim that such a void could explain the
entire Cold Spot was unexpected for several reasons. For example, the detected void is not
terribly rare. Based on the peak model of structure formation, one can estimate that in the
local universe there should be approximately 20 voids that are equally extreme as this one [2].
The question then arises: if the Cold Spot is caused by such a void, why is there only one such
spot on the CMB map? Also, the void is not deep, with its density contrast in the centre being
only δ0 = −0.25. The expectation is that linear perturbation theory would hold reasonably well














Figure 5.2: The Spherical Mexican Hat Wavelet smoothing functions as a function of the angular
separation θ for smoothing scales R corresponding to 5◦, 10◦ and 15◦. The amplitude has been
normalised to one at θ = 0◦.
for structures like this, so why is the temperature signal and order of magnitude greater than
the first order perturbation theory estimation, ∆T ∼ −20µK?
The authors of [143] claimed that although the linear ISW effect is small, the second order RS
effect is an order of magnitude larger. They backed this up by presenting a calculation done using
an LTB model with density profile (5.1) and finding a temperature profile that roughly matches
the Cold Spot. Such a massive breakdown of perturbation theory would provide compelling
evidence that perturbation theory cannot be reliably used to model light propagation in large
cosmic structures.
We investigated the claim in [2] and found that the LTB void with density profile (5.1)
does indeed produce a temperature fluctuation of ∼ −100µK at the centre. However, most
of the signal comes from a dipole, i.e. one side of the sky being colder than the other. Thus
the temperature profile of such a void is very different from the profile of the Cold Spot. The
dipole is caused by the fact that the observer is still within the overdense tail of the density
profile. We got the same result using second order perturbation theory, where the dipole term
dominates, the ISW term accounts for the expected ∼ −20µK and the RS term is negligible [2].
Such a feature would not show in the usual CMB analysis, as the dipole is typically removed
before looking at the higher multipoles. Note that the authors of [143] updated their analysis
for the newest version of their paper. Their updated calculations agree with ours, although their
conclusion still is that the void is somehow causally linked to the Cold Spot.
Finally, it is worth pointing out that the Cold Spot is not anomalous due to its central
coldness. Looking at simulated CMB maps and finding their coldest spots using the same
algorithm as with the real CMB sky, the central temperature is well within the expected range
of values. In Figure 5.3, the temperature profile of the Cold Spot is compared to the range of
profiles calculated from simulated maps. It is clear that nowhere does the Cold Spot profile cross
the 2σ contour. Instead, the Cold Spot appears anomalous in the analysis because the colder
than average central region is surrounded by a hotter than average ring. Due to their shape,
the wavelet basis functions pick up the central cold region and outer hot region with opposite
signs, leading to an amplified result.
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Figure 5.3: Temperature profile of the Cold Spot from Planck SMICA map (red dashed line)
compared to the 68% and 95% confidence ranges for the temperature profile of the coldest spot
in 10000 random Gaussian maps using ΛCDM parameters. Figure from [2].
5.1.3 Is it anomalous?
It is at least partially a matter of taste whether the Cold Spot should be considered anomalous
or not. We are animals that see patterns wherever we look, such as seeing the initials of Stephen
Hawking in the WMAP 7 year CMB map [144]. Although the occurrence of such a feature in
a random map is extremely small, it would be silly to start looking for ‘explanations’ for this
anomaly. The reason is that there is no reason to look for anyone’s initials in the CMB. The
initials were spotted a posteriori, which makes their significance appear higher than it actually
is. In a dataset as rich as the CMB temperature sky, there will always be some anomalous
structures and signals. The case of the Cold Spot is not so clear cut, as there is a sensible
case a priori for looking for anomalies using a compensated spherical filter. Nonetheless, the
probabilities and sigma values associated with such anomalies should probably be taken with a
large grain of salt.
However, there is also the matter of the detected void. It seems like an unlikely coincidence
that a relatively rare void would be seen precisely where the Cold Spot lies, if it does not
significantly contribute to the Cold Spot’s anomalousness. Although the conclusion is that such
a void cannot generate the Cold Spot on its own, it does call for further analysis as it definitely
contributes partially to it. In [141], before the detection of the void in [142], Inoue found that the
best fit for the Cold Spot was that 90% of its temperature signal came from the last scattering
surface and 10% from a void with radius ∼ 600h−1 Mpc and density contrast δ ∼ 0.01 at redshift
z ∼ 1. Thus it is larger, less underdense and further away than the void discovered by Szapudi
et al. A careful analysis of the combined effect of the void detected by Szapudi et al. and a
fluctuation at the last scattering surface has not been done at this time. However, such a result
cannot resolve the anomalousness of the Cold Spot in any case, as the alignment of a void with
an already cold region is also quite an unlikely accident.
5.2 The distance-redshift relation in Swiss Cheese
Swiss Cheese models have often been used to study the distance-redshift relation (e.g. [145, 146,
147, 148, 149, 150, 151, 152, 153, 154, 155, 110, 156]), and in some cases large differences in the
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relation have been claimed, compared to the distance-redshift relation of a corresponding FRW
model. There are two possible ways in which inhomogeneities could influence the relation. One
possibility is if they bias the sampling of geodesics that the observer sees, the other is if the
model has a non-negligible backreaction component.
5.2.1 Backreaction
Shell crossings and junction conditions limit the class of possible solutions that can be joined
together into a Swiss Cheese. In the article I we attempted to find ways to construct Swiss
Cheese models that have a non-negligible backreaction component. We proved the following
theorem.
Theorem. Assuming that conditions (1 − 5) are satisfied, the average expansion rate of a
Swiss Cheese spacetime with no cosmological constant and with Szekeres holes is close to that
of the background.
1. The centre of the hole is regular, R(0, t) = 0 for all t;
2. The metric function R is monotonic;
3. There is a big bang singularity at time tB(r) and the spacetime is nearly equally old
everywhere, t0 − tB(r) ' t0 for all r, where t0 is the time today;
4. The Szekeres solution matches to an FRW background at a comoving radius rb;
5. Today the holes are small compared to the curvature radius of the universe.
It is straightforward to show that the conditions imply that |E|  1 and that this in turn implies
that the expansion rates must be close to each other [1]. Physically the proof is very intuitive.
The metric must be continuous through the embedding surface, so the outer edge of the hole
must always expand at the same rate as the background. If the centre of the hole is regular, then
any deviation to the expansion rate must come from the extra curvature term in the volume
element (4.26). However, if a shell at coordinate radius r has E(r) > 0, then E(r) must be small
or else the shell will collide with the boundary. If another shell has E(r) < 0, then |E(r)| must
be small, or otherwise the shell will collapse in a time smaller than the age of the universe.
The universe is nearly homogeneous at large scales and at early times, so the holes cannot
today be the same size as the cosmic horizon, nor can the bang time function vary drastically, so
it is difficult to see how assumptions 3 and 5 could be violated in the real universe. Assumptions
1 and 4 are less strongly motivated, and they exclude for example Schwarzschild holes from the
domain of this proof. Finally, this formulation of the proof only works for models where the
cosmological constant vanishes. It seems possible that a similar theorem could be proven for the
general case with a non-vanishing cosmological constant, but making it rigorous is not as easy.
We investigated the breakdown of assumption 2 in [1], and attempted to construct a Swiss
Cheese model where the backreaction term would be large. The function R can be chosen so
that in some region inside the hole, R(t, r) > R(t, rb). If R′ has two zeroes at r1 and r2, the
model can be understood as three different LTB solutions joined together. One model with
R′ ≥ 0 in the range 0 ≤ r < r1, second with R′ ≤ 0 in the range r1 ≤ r < r2 and third with
R′ ≥ 0 and r2 ≤ r ≤ rb. At r1 and r2 there are discontinuities in the extrinsic curvature tensor,
which induce thin singular shells at these locations. If the functions M(r), E(r) and tB(r) are
chosen so that M ′(ri) = E′(ri) = t′B(ri) = 0, the thin shells remain stationary at ri and there
are no shell crossings in the model. Furthermore, the model can be constructed so that these
singular shells do not affect the average expansion rate by keeping H‖ = Ṙ′/R′ finite at ri. The
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expansion rate may have a local discontinuity at the shell locations, but as the shells have have
zero measure, the total contribution from the shells to the volume averages vanishes.
In the model studied in [1], QD is not negligibly small, but its contribution accounts for
∼ 1% of the average expansion rate in (2.72). Thus it is too small to contribute noticeably to
the explanation of the apparent accelerated expansion. Even though QD is small, the holes and
the background expand very differently, and this difference can be made arbitrarily large as the
model can be constructed so that there are no shell crossings. It should be also noted that if
the real universe would have an equally large backreaction term, that would induce a significant
error into the estimation of cosmological parameters. However, in realistic Swiss Cheese models
with only dust, backreaction is expected to be much smaller based on our proof.
5.2.2 Biased sampling
Biased sampling occurs when the geodesics that pass through observer’s location sample the
universe unevenly. There are two distinct possibilities here. First, this may be the property
of the geodesics themselves. Second, it may be that the bias occurs because only a subset of
all geodesics is considered. The first is arguably more interesting, whereas the second is more
mundane, but also the one that appears to occur most often in numerical analyses. The second
category also includes situations where the geodesics are weighed improperly.
There is a famous argument by Weinberg [157], further elaborated by Kibble and Lieu [158],
arguing that although small transparent clumps of matter can change the distance-redshift
relation for a single geodesic, the average distance over a surface of constant redshift must be
almost independent of the clumps, as the total flux of photons through the surface cannot change.
The ‘almost’ is there because the total photon flux over the surface is conserved, but luminosity
distance is not linear in the flux. There are some examples of scenarios where the Weinberg
argument manifestly breaks down, such as models where the null geodesics form caustics [159].
Furthermore, the argument assumes that the surface area of the surface of constant redshift
is unaffected by lensing, which is precisely what the proof is attempting to show. It has been
argued however, that at least in perturbation theory, the change in the area is negligible [160].
If the Weinberg argument holds, then the inverse magnification should average to one over
angles,
〈µ−1〉Ω = 1 , (5.2)
and the average shift in distance anisotropies should be proportional to the variance of distance








The distance shift averaged over angles should be negative, regardless of the properties of the
lenses, and it should be small compared to the variance of a single geodesic. Instead of the angles,
one can also average over the area of a constant-redshift surface, in which case the Weinberg
argument gives









If the Weinberg argument holds, then there cannot be any intrinsic bias on the level of the
geodesic equations. Rather, the bias must be imposed by hand when considering the sampling
of the light cone.
Despite theWeinberg argument, some earlier papers have suggested that Swiss Cheese models
could influence the distance-redshift relation in a considerable way. It seems that all of these
5.3. WEAK LENSING IN SWISS CHEESE 41
results are large due to some kind of bias in the way the null geodesics have been chosen
[3]. The original example is the paper by Marra, Kolb, Matarrese and Riotto (MKMR) [147],
where the authors study light propagation through five aligned voids. The voids were perfectly
aligned, each acting to de-magnify the image, making the object behind them appear to be
further away. The MKMR distance-redshift relation through the voids was close to the FRW
relation of a universe with Ωm = 0.6 and ΩΛ = 0.4, even though the model had no cosmological
constant. The MKMR result was investigated by multiple groups [161, 150] and it was found
that the demagnification reduces by orders of magnitude if the voids are not perfectly aligned,
but instead the impact parameters are randomised appropriately. A more subtle example of
improper sampling was present in the first version of [150], where Szybka generated the matter
distribution dynamically using an uniform probability distribution for the impact parameter cφ
instead of (4.69), leading to a larger shift in distance, since the volume of the void centres was
sampled proportionally too often.
A more physically motivated example is given by Fleury et al., who have studied a Swiss
Cheese model with Kottler holes [154, 155, 110]. They consider only geodesics that pass the
black holes at a distance that is much greater than the hole’s Schwarzschild radius, leading to
an incomplete sampling of the full spatial volume. They argue that this is natural if matter is
concentrated into opaque clumps. Even if light rays could pass close to the Schwarzschild radius,
such paths are relatively rare, so they would only show up in the very tail of the distribution.
Their results follow closely the famous Dyer-Roeder distance formula [16, 17, 162, 163, 164],
leading to a large shift in the distance-redshift relation if a large fraction of the volume is taken
by holes. The value of the cosmological constant affects their results considerably. A smaller
cosmological constant leads to a larger shift and vice versa.
Finally, most Swiss Cheese models consider the observer and the source to be located in the
background. Although this is a natural choice when not interested in the boundary terms, this
can in principle give a non-zero bias when comparing to a calculation where the observer and
source are located completely randomly.
5.3 Weak lensing in Swiss Cheese
The usual first order weak lensing results have been extended to include more effects. Bonvin
et al. calculated the luminosity distance in first order perturbation theory using the covariant
formalism of Section 3.4 [165]. The effect of peculiar velocities are discussed in [166]. Second
order weak lensing formalism is developed in [167, 168]. There was also a claim by Clarkson et
al. that second order lensing could produce a ∼ 1% systematic shift in the distance to the CMB
[169]. However, a more careful analysis revealed that the effect is much smaller [170, 171, 160],
and the large result was again due to the incorrect weighing of the null geodesics.
Another way to extend the usual weak lensing analysis is to use an exact Swiss Cheese model.
In this case, comparison to the results of perturbation theory is difficult, as the matter power
spectra of the two models are difficult to match perfectly. Nonetheless, one can calculate the
convergence κ and shear γ in a Swiss Cheese model using the covariant formalism and then
relating the covariant quantities to weak lensing quantities via (3.53) and (3.54). As long as
these quantities are small, the comparison is straightforward [151, 3].
We investigated a Swiss Cheese model with a fully randomised distribution of holes in paper
[3]. Based on the points raised in the previous section, we expected the shift in distance and
redshift to be small, so our idea was to remove most of the potential biasing factors from the
analysis. The aim was to see if there are any interesting effects left. We considered a fixed,
randomly distributed arrangement of holes, populating the universe all the way up to redshift
of z ∼ 6. This value of redshift was chosen for two reasons. First, we wanted to calculate the
distance to the CMB last scattering surface. The lensing signal should be maximal for a lens































Figure 5.4: Angular profiles for the change in angular diameter distance compared to the back-
ground and integrated null shear for a single hole in the Swiss Cheese model [3]. The centre of
the hole is 200h−1 Mpc away from the observer, and α is the angle from the hole centre as seen
on the sky.
that is approximately halfway between the observer and the source, and z = 6 is beyond the
halfway point. Therefore we have included the holes that produce most of the signal. Second,
holes that have comoving radius today of 50h−1 Mpc have such a small angular size beyond this
redshift that we cannot resolve any of the details of the distribution. We considered two different
LTB profiles. The "open" model has E ≥ 0, so it has an underdense centre and an overdense
outer shell. The "closed" model has E ≤ 0, with an overdense centre and an underdense outer
shell. The two profiles have distinctly different profiles for ∆DA/D̄A and γ, plotted in Figure
5.4. In particular note that the distance and the shear both have sharp peaks in the open model,
whereas the curves are smoother in the closed model.
We calculated the sky maps for redshift, distance and shear with resolution 12288 = 12×322
evenly spaced pixels using the HEALPix routines [172]. We also calculated the power spectra for
these quantities, although the resolution is not good enough to see any structure in the power
spectra of distance or shear. This is in contrast to a similar calculation by Valkenburg [173],
who found very striking correlation patterns even for large scales. The difference arises because
Valkenburg used a cubic lattice arrangement for the holes, leading to large correlations between
different holes, whereas in our arrangement the correlations are negligible. The real universe lies
somewhere between these two extremes.
We used the bootstrapping algorithm to produce new sky maps from the original map to
study the variance of statistical quantities. In particular we were interested whether the sys-
tematic shift in the distance, 〈∆DA/D̄A〉Ω was statistically significant. The probability density
function for this quantity is plotted in Figure 5.5. The closed model mean does not deviate from
zero, but in the open model, the mean is different from zero at about 2σ confidence.
If the area of a constant-redshift surface remains unchanged by the matter distribution,
then the equation (5.3) should hold. In our open model however, the quantity 〈∆DA/D̄A〉Ω




A〉Ω only in 1.4% of the bootstrap maps. On the other hand,
the results for the closed model are completely compatible with the Weinberg argument. Note
that the error limits are calculated assuming that each pixel is an independent random variable,
which is of course not exactly true, as the pixels near each other can be strongly correlated.
However, it seems unlikely that including the correlation would change the error estimate so
drastically that it would affect our conclusions. The assumption that each pixel is independent
means that the standard deviation in the mean of N pixels σN and the standard deviation of
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Figure 5.5: The probability density function for 〈∆DA/D̄A〉Ω calculated using the bootstrapping
algorithm. The y-axis is left un-normalised.





This relation can be used to estimate the required number of pixels for a significant detection,
assuming that the estimate from our results is correct.
Our results seem to indicate that the area of the constant-redshift surface around the observer
may be altered by the matter distribution, although the statistical significance is not high enough
to make a solid claim. However, there are other possible explanations for the result as well, that
would need to be taken into account more thoroughly to get a reliable answer. One potential
problem is that we have generated the error estimates only using a single realisation of the
ensemble of possible sky maps. Since we only have a relatively small number of pixels, it is
possible that we are missing some effects that occur rarely for a single geodesic, but which
nonetheless produce a large effect on the average. In particular, the distance profile of a hole in
the open model has a very sharp peak near the edge of the hole, which can be seen from Figure
5.4. On the other hand, the closed model has a smoother profile. It may be that the sharp
peak is not probed sufficiently well in our setup, and this can cause the average quantities to be
evaluated inadequately. Running the same calculation with a better resolution would probably
help to resolve this issue. Unfortunately, the computation takes quite a lot of time per pixel, so a
calculation with higher resolution would require more work and probably also a supercomputer.
Nonetheless, our results underline the importance of doing proper statistical analysis when
trying to find deviations from the background. Especially for the distance, the mean shift is
always expected to be much smaller than the variance of a single beam. To get a statistically
significant number out, a large number of samples is needed. In addition, one must be very
careful when weighing geodesics and taking averages, as this can lead to unintended biases in
the results. Swiss Cheese models have often been studied in an attempt to find large deviations
in the distance compared to that of the background. However, the result does not have to be
large in order to be interesting. Any rigorous and statistically significant result with proper
geodesic averaging that breaks the Weinberg argument would expose a real need to re-consider
the underlying assumptions of the concordance model. This may be the most interesting future
application of the Szekeres Swiss Cheese models in cosmology.
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Chapter 6
Discussion
The concordance model of cosmology relies on the assumption that on cosmological time and
length scales, the universe can be described using a perturbed FRW metric. This assumption
has been shown to be true in special cases, and no clear signal of its breakdown has been seen
from the data, although some hints with a low statistical significance, such as the Cold Spot
and the discrepancy in the CMB lensing amplitude have been detected. These anomalies may
turn out to be signals of new physics, but at this time they remain mainly curiosities, small
blips in otherwise perfect matching of observation and model. Yet the absence of evidence is
not evidence of absence. Just because the concordance model is able to fit all the data, it does
not follow that it must be true.
My aim in this thesis has been to study exact inhomogeneous cosmological models, and to see
if their predictions for observables are significantly different from the predictions of perturbation
theory. Many authors have proposed models that appear to produce results that differ notice-
ably from what is predicted by the concordance model, and I have attempted to understand
better these claims. Along with my collaborators, I have studied Swiss Cheese models in detail,
attempting to pinpoint the ways in which they can produce such large differences compared
to the concordance model. Additionally we examined a claim that was made about a recently
discovered supervoid, which was said to be solely responsible for the Cold Spot.
We attempted to find conditions that allow (or disallow) Swiss Cheese models to have a
backreaction term that influences the evolution noticeably on large scales. It seems that back-
reaction must always be small in physically motivated models, although we only managed to
prove this partially. This result is due to the way that Swiss Cheese models are constructed –
in particular it is due to the fact that the Szekeres solution has no rotation and no pressure,
so nothing can counteract the gravitational collapse in these models. Models that expand at a
different rate from the background always contain shell crossing singularities when considering
cosmologically relevant time scales.
We were the first to study the weak lensing of the CMB in full in Swiss Cheese models,
by calculating both the distance perturbation and the integrated null shear. Unfortunately
solving the geodesics in the Swiss Cheese model is too time-consuming to probe the small-scale
correlations in their entirety. We calculated the sky maps of 12288 pixels for ∆T/T̄ , ∆DA/D̄A
and γ. From these we calculated the power spectra up to the multipole l = 96, which is not
enough to see all of the structure in them. Nonetheless we argued that the overall power in
small scales should not be too much larger than in the scales we looked at. Our results for
the systematic shift in distance were at odds with the Weinberg argument, with a probability
of 1.4%. A more careful study, with more pixels and better analysis of potential systematic
problems would be needed to see if this was just a fluke, or whether the area of a constant-
redshift surface is really changed in our model.
In our attempts to find deviations from the concordance model, we found that in most cases
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it held up very well. For voids in general, we found no signs of the breakdown of perturbation
theory, even for highly nonlinear voids, such as the comparison model in [2]. For Swiss Cheese
models, it seems that the only way to get results that differ greatly from the concordance model is
to consider opaque matter clumps, which leads to the well known Dyer-Roeder distance-redshift
relation. Other attempts lead to either entirely unphysical models, as the Tardis model in [1],
or nearly identical results to the concordance model, such as in [3].
For the future it seems that there are two diverging paths. One is trying to construct models
that take effects of pressure and rotation better into account, so they describe the non-linear
growth of structures more accurately. It is possible that such models could contain a large
backreaction component, which would alter their time-evolution from the concordance model.
Another one is studying Swiss Cheese models in increasing detail, improving the resolution and
accuracy of the calculation to hone in on the prediction of the Weinberg argument. It would be
a very interesting finding to see that the Weinberg argument can be broken by simple non-linear
structures, even if the difference is small. It would serve as a proof of concept that small-scale
structure can influence the area of the constant-redshift surface, and thus make it important to
re-consider the importance of this effect in the real universe.
Appendix A
Christoffel symbols and curvature
tensor of the LTB metric
A.1 Christoffel symbols
The Christoffel symbols for the LTB metric are



























Γφθφ = − cot θ . (A.4)
A.2 Riemann tensor
The components of the Riemann tensor are
Rtrtr = −XẌ Rtθtθ = −RR̈ Rtφtφ = −RR̈ sin2 θ (A.5)
Rtθrθ = −RṘ′ +
Ẋ
X
RR′ Rtφrφ = sin2 θRtθrθ (A.6)
Rrθrθ = −RR′′ +RṘXẊ +RR′
X ′
X
Rrφrφ = sin2 θRrθrθ (A.7)
Rθφθφ = R2 sin2 θ
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Rφφ = sin2 θRθθ . (A.13)
A.4 Ricci scalar












































The components of the Weyl tensor are
Ctrtr = −
X2












2 θW Cθφθφ =
R4
3 sin
2 θW . (A.18)
A.6 Einstein tensor




















































Gφφ = sin2 θGθθ . (A.23)
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